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A B S T R A C T

The effects of three typical waveforms, namely, sine, trapezoid and smeared sine, on the

performance of the Stirling-type pulse tube cryocooler (SPTC) driven by the moving-coil linear

compressor are analyzed and studied experimentally. The results indicate that the dynamic

pressure at the inlet of the cold finger has a weak relation with the driving voltage wave-

form, but the latter plays an important role in affecting both the motor efficiency and the

SPTC cooling performance. In the tested range, either the cooling efficiency or the motor

efficiency under the smeared sine waveform is the highest, while that under the sine wave-

form is the lowest. Moreover, given that the input power is below 30 W, the motor efficiencies

under both smeared sine and trapezoid waveforms exceed 90%, which suggests a promis-

ing approach to achieve a linear compressor with a very high motor efficiency by optimizing

the voltage waveform.

© 2016 Elsevier Ltd and IIR. All rights reserved.
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1. Introduction

The pulse tube cryocooler (PTC), first proposed in the early 1960s
(Gifford and Longsworth, 1965), has achieved significant prog-
ress in the past five decades (Ross, 2007). Without any moving
component at the cold end, the wear-out in the cold finger is
eliminated and both the vibration and the electromagnetic in-
terference at the cold end are substantially reduced compared
with the conventional regenerative cryocoolers. Based on the
driver used, the commonly-used PTCs can be further divided
into the GM-type PTC and the Stirling-type PTC (SPTC).The SPTC
is driven by the linear compressor, which minimizes the wear-
out between the piston and the cylinder by eliminating the
radial forces exerted on the piston, and thus the SPTC is
endowed with some intrinsic merits such as compactness, light
weight, low vibration and EMI, high reliability and long opera-
tion lifetime, which have a strong appeal to many special fields,
especially in space (Dang, 2015; Ross, 2007).

For many practical applications, especially in the special
aerospace environment where the power supply is relatively
limited and the rejection condition is extremely adverse, the
high thermodynamic efficiencies of the SPTCs are often em-
phasized (Dang et al., 2016). A wide variety of theoretical and
experimental investigations have been carried out to improve
the efficiency of the SPTC (Dang, 2012; Dang et al., 2016; Ki and
Jeong, 2012; Ross, 2007; Walker and Bingham, 1994), which
mainly include the improvements of the geometrical param-
eters such as dimensions, arrangements and geometrical
structures, and the optimizations on the operating param-
eters as well. The operating parameters play a key role in
understanding the working mechanisms of both the SPTC and
its compressor, and also in enhancing both the compressor
motor efficiency and the cooler performance. However, the per-
formed optimizations on them mainly focus on the frequency,
charge pressure, hot heat exchanger temperature, phase-
shifting, and input voltage or current, etc., whereas another

important parameter, namely, the driving voltage waveform,
is often overlooked.

In the cryogenic field, the moving-coil linear compressor has
already become the main driver of the long-life SPTCs due
to the proven high efficiency and reliability for about three
decades (Davey, 1990; Marquardt et al., 1993; Bailey et al., 2001;
Ross, 2007; Dang, 2015), which are attributed to the sustained
studies of the linear compressor and its dynamic and ther-
modynamic characteristics to a great extent (Davey, 1990;
Marquardt et al., 1993; Kim et al., 2009; Bailey et al., 2010–2011;
Bradshaw et al., 2011, 2013; Ki and Jeong, 2012; Liang et al., 2014;
Dang et al., 2016). However, few attempts have been made in
adjusting driving voltage waveform of the linear compressor
to achieve the higher compressor motor efficiency or the better
cooler performance. In practice, the driving voltage wave-
form of the linear compressor can influence a SPTC from two
aspects. On the one hand, the driving voltage waveform itself
can directly affect the motor current which will influence the
motor efficiency. On the other hand, the waveform can also
indirectly influence the cooling efficiency of the PTC cold finger,
in which an obvious difference can be found between the
usually-used trapezoidal waveform for G-M type PTC and the
commonly-used sine waveform for SPTC. The working mecha-
nism of the SPTC can be analogized as a similar regenerative
thermodynamic cycle to that of the Stirling cooler, in which
the displacer of the Stirling cryocooler is replaced by the pulse
tube and phase shifters (Kittel et al., 1996). As well-known, the
Stirling cycle consists of four processes, namely, two isochoric
ones and two isothermal ones, which are realized by the move-
ments of the compressor piston and displacer piston, in which
the driving voltage plays a leading role in controlling the move-
ments of both pistons. For a SPTC without the actual displacer
piston, the thermodynamic processes are dominated by the only
piston of the linear compressor. Therefore, compared with the
Stirling cryocooler, the driving voltage will have much more
important and complicated effects on the motor perfor-
mance of the linear compressor and subsequently on the
cooling performance of the SPTC as a whole.

In view of the significant effects of the driving voltage wave-
form, in this paper, two kinds of optimized driving voltage
waveforms will be proposed, namely, trapezoid and sinusoidal-
like with the crest and trough horizontal (smeared sine) so as
to compare with the commonly-used sine waveform, and then
the corresponding theoretical and experimental investiga-
tions and comparisons will be made to achieve an in-depth
understanding of their specific influences on the SPTC per-
formance discussed above.

2. Theoretical analyses and waveform
modulations

Fig. 1 shows the schematic of a typical moving-coil linear com-
pressor. The dual-opposed configuration is used to reduce the
compressor vibration. Each half comprises a pressure vessel,
a cylinder, two sets of flexure springs, a piston, and a linear
motor composed of a permanent magnet, moving coils and two
return irons, in which the piston, the coils and the flexure
springs will oscillate during operation, and the clearance seal

Nomenclature

Ap cross sectional area of piston
b mechanical damp
B magnitude of magnetic field
i current
Irms root mean square of the current
kx axial stiffness of flexure springs
L coil length
Le coil inductance
m moving mass
p dynamic pressure in compression space
pb dynamic pressure on backside of piston
Q Joule heat of motor coil
Re coil resistance
t time
u voltage
We electric input power
x displacement of the piston
ηmotor motor efficiency
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acts as the dynamic seal between the piston and the cylin-
der, thereby eliminating the source of rubbing wear and the
necessity of oil lubrication.

As well known, in a Stirling cryocooler, the ideal move-
ments of both compressor piston and displacer piston are
shown in Fig. 2, which are all discontinuous (Walker and
Bingham, 1994). However, in practice, a driving source to provide
such movements is very difficult to get. The AC power supply
is one of the most common driving sources to provide peri-
odical drive, and thus is used to acquire the approximately ideal
movements for the Stirling cryocooler. In the same way, in a
SPTC, the similar AC power is also employed and thus cannot

provide the ideal movements of the compressor pistons, either.
The deviation from the ideal movements would lead to the de-
terioration of the SPTC performance. But it should be pointed
out that, with the rapid development of the driving electron-
ics, the control of the driver becomes easier and it is feasible
to obtain a variety of types of voltage waveform.

For the motor of a moving-coil linear compressor, accord-
ing to the balances of both electric potential and force, relations
between the current, voltage, and piston displacement can be
written as (Kim et al., 2009; Marquardt et al., 1993):

u t L
di t
dt

R i t BL
dx
dt

e e( ) = ( ) + ( ) + (1)

LBi t m
d x t

dt
b

dx t
dt

k x t p t p t Ax B p( ) = ( ) + ( ) + ( ) + ( ) − ( )( )
2

(2)

where u(t), i(t) and x(t) are the voltage, current and piston dis-
placement, p(t) and pB(t) are the dynamic pressure in the
compression space and on the backside of the piston respec-
tively, Le, Re and L are the inductance, resistance and wire length
of the coil, t is the time and B is the magnitude of magnetic
field, m is the moving mass, b is the mechanical damp, kx is
the axial stiffness of flexure springs, and Ap is the cross-
sectional area of the piston.

Fig. 3 illustrates the relation between the current and other
terms. According to Eq. (2), the displacement waveform exerts
a direct effect on the values of displacement terms, espe-
cially on its first order and second order derivative terms. Hence,
the motor current will vary with it accordingly. Moreover, the
main motor losses are the joule loss which is in proportion to
the square of the current. Hence, the motor efficiency is sig-
nificantly affected by the displacement waveform.

Compared with the displacement, the driving voltage can
be adjusted much more easily. Combining Eqs. (1) and (2), the
relation between the voltage and the piston displacement can
be achieved as follows:

Fig. 1 – A schematic of the dual-opposed moving-coil linear compressor.

Fig. 2 – Ideal movements of the pistons in the Stirling
cryocooler.
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The voltage is linked to the third order, the second order,
the first order and the zeroth order derivative terms of the
piston displacement. According to Eq. (3), the piston move-
ment can be designed through the drive voltage waveform. In
this paper, two types of driving voltage waveform are pro-
posed, trapezoid waveform and a waveform named here as
smeared sine. Then they will be analyzed and compared with
the sine waveform. Their wave shapes are shown in Fig. 4.

With the sinusoidal piston displacement, the third order,
the second order, and the first order derivative terms of the
piston displacement all vary sinusoidally, and the pressure
terms in Eq. (3) can also be regarded as the sine waveform.
Moreover, each term on the right side of Eq. (3) has the same
angular frequency. After combining the similar terms, it is found

that the terms on the right side of Eq. (3) can be simplified as
one sinusoidal term with the previous angular frequency, which
means the driving voltage and the piston displacement have
the same frequency, but different phase angles. Therefore, AC
power can be directly used to modulate the voltage for the com-
pressor piston to obtain the sinusoidal displacement.

The way to get the trapezoid waveform piston displace-
ment is similar.Three variation tendencies exist in the trapezoid
waveform, in which one increases linearly, one remains con-
stant and another decreases linearly. According to Eq. (3), the
needed voltage can be obtained by the combination of the above
different cases. For both the linear increase and the linear de-
crease parts, both the third order and the second order
derivative terms of the piston displacement are zero, while the
first order one remains constant. For the constant part, the third
order, the second order and the first order derivative terms are
all equal to zero. In view of that the dynamic pressures all vary
with the same tendency as that of the piston, after math-
ematical processes it is found that the voltage to modulate the
trapezoid piston displacement can be roughly considered as
the trapezoid waveform with a phase difference.

The smeared sine waveform shown in Fig. 4 combines the
characteristics of both sine and trapezoid waveforms. What it
differs from the sine waveform is that both crest and trough
of the waveform are constant. Based on Eq. (3), the needed
voltage to gain the piston displacement of the smeared sine
waveform approximates to the smeared sine waveform with
a phase difference.

For a SPTC, the cooling performance is affected by the phase
relation between the dynamic pressure and the volume flow
rate. The phase relations under the sine waveform and the
smeared sine waveform at the inlet of the cold finger are com-
pared in Fig. 5. For an optimized cold finger under the sine
waveform, the volume flow rate should lead the pressure by
φ, while for the smeared sine waveform, the constant part at
the crest and trough will cause the volume flow rate to lag by
some degrees relative to that of the sine waveform. The new
phase difference φ′ is smaller than φ, and thus the cooling per-
formance is affected. Therefore, the voltage waveform also has
a significant impact on the cooling performance of the cold
finger.

To achieve both trapezoid and smeared sine waveforms, the
pulse width modulation (PWM) technique is employed and the

Fig. 3 – Relations between the terms of displacement and
current term.

Fig. 4 – Three types of voltage waveforms: sine, trapezoid and smeared sine.
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corresponding electronics of the voltage waveform generator
are developed, in which the key point is to achieve a periodi-
cal waveform modulated by the pulse wave of high frequency
(Flaxer, 2003; Willems et al., 2009). The modulated waveform
is divided into many small parts, and the average value of each
part can be designed by the adjustment of the duty cycle during
each pulse wave period. For example, Fig. 6 shows the modu-
lation of trapezoid waveform through PWM. At first, the duty
cycle of the pulse wave is 50% at the equilibrium position and
decreases linearly to 0% at the trough, retains 0% for the con-
stant part, and then increases linearly to 100% at the crest,
remains 100% for the constant part, finally decreases linearly
to 50% at the equilibrium position and finishes the modula-
tion of one period of the trapezoid waveform. The voltage of
the smeared sine waveform can also be modulated similarly.

3. Experimental performance characteristic

To make comparisons of both compressor motor efficiency and
cooling performance of the SPTC under the three types of
driving voltage waveforms, the dedicated experiments have
been conducted on a coaxial SPTC driven by a dual-opposed
moving-coil linear compressor, both developed in the authors’
laboratory.The specific geometric dimensions of the SPTC along
with its dual-opposed linear compressor are given in Tables 1
and 2, respectively.

Figs. 7 and 8 show the schematic and the photograph of the
experimental setup, respectively. The pulse tube cold finger to
be tested is sealed in a Dewar. The signal generator electron-
ics provides the needed voltage waveforms to the H bridge
power amplifier electronics to control the drive voltage wave-
form of the linear compressor and a power meter is used to
monitor and measure the input power, input voltage and input

Fig. 5 – Effects of voltage waveform on the phase relation
between pressure and volume flow rate.

Fig. 6 – Modulation of the trapezoid waveform through PWM.
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Fig. 7 – A schematic of the experimental setup.

Fig. 8 – Photographs of the experimental setup.

Table 1 – Parameters of each motor of the dual-opposed
linear compressor.

Parameters Values

Magnitude of magnetic field (B) 1.11 T
Coil length (L) 15 m
Coil resistance(Re) 3.0 Ω
Moving mass (m) 200 g
Flexure spring stiffness (kx) 4500 N/m
Mechanical damp (b) 4.5 N∙s/m
Piston diameter (Dp) 20 mm

Table 2 – Parameters of the components of the cold
finger.

Parameters Values

Connecting tube length 150 mm
Connecting tube diameter 4 mm
Regenerator length 63 mm
Regenerator diameter 28.7 mm
Pulse tube length 95 mm
Pulse tube diameter 13 mm
Inertance tube 1 length 2250 mm
Inertance tube 1 diameter 3.7 mm
Inertance tube 2 length 4100 mm
Inertance tube 2 diameter 7.6 mm
Gas reservoir 400 cm3
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current. A pressure transducer is installed at the outlet of the
linear compressor and the dynamic pressure is measured
through the oscilloscope. A data acquisition connected to both
the temperature sensor and heater is used to monitor the tem-
perature of the cold head and cooling capacity as well.

Based on the previous test results, the optimal operating
frequency of 48 Hz under the sine waveform is chosen as the
tested frequency and the charge pressure is 3.3 MPa with helium
as the working fluid. The reject temperature is fixed at 300 K.
The experimental results of the relations between the peak to
peak value of the dynamic pressure and the input power under
three types of voltage waveform are given in Table 3. In an input
power ranging from 5 W to 50 W, the dynamic pressures under
three types of voltage waveform are very close, with the largest
deviation being below 4.6%, which indicates that the dynamic
pressure is a weak function of these voltage waveforms. Fur-
thermore, Fig. 9 shows the experimental results of the dynamic
pressure under the three types of driving voltage waveform.
It is observed that, generally speaking, for the three different
voltage waveforms, the wave shapes of the dynamic pres-
sure are all sine-like without the evident difference. However,
compared with the smooth dynamic pressure wave shape under
the sine waveform, there exist some burrs in those under both
the smeared sine waveform voltage and the trapezoid wave-
form voltage, which are caused by the discontinuity of the
driving voltage.Therefore, according to the experimental results
in Table 3 and Fig. 9, a conclusion can be arrived at that the
driving voltage waveform will have slight effects on the dynamic
pressure of the cold finger from two aspects, one is on its am-
plitude and the other on its wave shape.

The comparisons of the cooler performances under the three
types of driving voltage waveforms are shown in Fig. 10. For
the sine waveform, with the cooling capacity changing from
0.2 W to 2.5 W, the corresponding input power increases from
41.2 W to 69 W. In the case of the trapezoid waveform, the dis-
continuity of the voltage waveform introduces unacceptable
compressor vibration when the electric input power is larger
than 43 W, so only two test points, 0.2 W and 0.5 W at 80 K can
be achieved, with the input powers of 38.6 W and 42.8 W, re-
spectively. And in the case of smeared sine waveform, the
similar compressor vibration occurs once the input power is
larger than 60 W. With the cooling capacity varying from 0.2 W
to 2 W, the corresponding input power increases from 37.6 W
to 59.5 W. In the test range, the SPTC under both the trap-
ezoid and the smeared sine waveforms show better cooling
performance than that of the sine waveform, which verifies
the above-mentioned analyses that the waveform of driving

voltage has a pronounced effect on the cooling capacity of the
SPTC.

As discussed above, a SPTC consists of two main parts,
namely, the linear compressor and the cold finger, each of
which has its specific efficiency. For the linear compressor, the
motor efficiency is usually used to evaluate the compressor

Table 3 – Dynamic pressure under different input
powers and voltage waveforms.

Input
power (W)

Dynamic pressure (peak to peak/MPa)

Sine Trapezoid Smeared sine

5 0.1200 0.1165 0.1145
10 0.1495 0.1511 0.1505
20 0.1792 0.1813 0.1800
30 0.1971 0.1963 0.1965
40 0.2120 0.2115 0.2125
50 0.2249 – 0.2255

Fig. 9 – Experimental results of the dynamic pressure
waveform under the three types of driving voltage
waveform.
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performance. In the tests, both RMS current and RMS voltage
are measured to calculate the coil losses and the motor effi-
ciency. For each motor, the specific calculations of the motor
losses and motor efficiency can be written as:

Q I Rrms e= 2 (4)

ηmotor
e rms e

e

W I R
W

= − 2

(5)

where Q is the Joule heat of the motor coil, Re is the coil re-
sistance, Irms is the RMS current, We is the input electric power
of each motor and ηmotor is the motor efficiency.

Table 4 shows the power losses due to the Joule heating of
the coil. When the input power is smaller than 30 W, the coil
losses under the trapezoid waveform are slightly higher than
those under the smeared sine waveform, and both of them are
lower than those under the sine waveform. However, with the
further increase of the input power, the difference in the coil
losses under the smeared sine waveform and sine waveform
becomes smaller.

In order to investigate the influence of the voltage wave-
form on the compressor performance in a detailed way, the
motor efficiencies are illustrated in Fig. 11. It is observed that,

under the sine waveform voltage, the motor efficiency has a
relatively small variation and its average value is about 80%.
While under both smeared sine and trapezoid waveforms, the
motor efficiency decreases with the increasing input power,
but both of them are higher than that of the sine waveform.
The results about the motor efficiency are consistent with the
analyses about the cooling capacity shown in Fig. 10. The fol-
lowing reasons have been found for the above experimental
results. First, according to the relation between the current and
the piston displacement shown in Eq. (2), the current is de-
termined together by the second order, the first order and the
zeroth order derivative terms of the piston displacement, but
the values under the three types of waveforms vary some-
what, so the RMS voltage and current are different. Second,
under the same input power, the RMS voltages under the
smeared sine and trapezoid waveforms are very close, and
either of them is high than that of the sine waveform. The
largest RMS current is achieved by the sine waveform, which
is followed by the trapezoid waveform and the smeared sine
waveform in proper order.

In addition, it should be noted that, in Fig. 11, with the input
power smaller than 30 W, the motor efficiencies under both the
smeared sine and the trapezoid waveforms are higher than 90%,
which is considerably excellent for the linear compressor used
for the SPTCs which have a mean value of below 85%. The test
results suggest a promising approach to achieve a linear com-
pressor with a very high motor efficiency by the optimization
of the voltage waveform.

In order to study the specific influence of the voltage wave-
form on the cooling performance of the cold finger, the lowest
no-load temperatures with three types of waveform have been
tested, as shown in Fig. 12. Generally, the cooling performance
under the sine waveform is the best, and then followed by that
under the trapezoid waveform and the smeared sine wave-
form in proper order. As analyzed above in Fig. 5, the waveform
of driving voltage will affect the phase relation between the

Table 4 – Motor coil losses under different input powers
and voltage waveforms.

Input
power (W)

Motor coil losses (W)

Sine Trapezoid Smeared sine

10 2.44 0.35 0.30
20 3.81 1.09 0.83
30 5.64 2.31 1.84
40 7.94 6.49 4.35
50 10.25 – 7.29

Fig. 10 – Relations between cooling capacity and electric input power under the three types of voltage waveforms.
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dynamic pressure and the volume flow rate, but the devel-
oped cold finger is optimized based on the sine waveform, and
thus the phase change caused by the voltage waveform will lead
to the deterioration of the cooling performance of the cold finger.

Fig. 13 shows the relation between the electric input power
and the lowest temperature under three types of waveforms.
With the input power varying between 10 W and 20 W, the no-
load temperature under the trapezoid waveform is the lowest,
and the no-load temperature under the smeared sine wave-
form is lower than that of the sine waveform. With the input
power varying between 30 W and 40 W, the no-load tempera-
ture under the trapezoid waveform becomes higher than that
of the smeared sine waveform, but both of them are still lower

than that of the sine waveform. Similarly, with relatively large
input powers, the extra compressor vibration introduced by
either trapezoid or smeared sine waveform will have an adverse
effect on the cooling performance.

4. Discussions and conclusions

The operating parameters play a key role in understanding the
working mechanisms of both the Stirling-type pulse tube
cryocooler (SPTC) and its compressor, and also in enhancing
their performance. However, the existing optimizations of these

Fig. 11 – Variations of motor efficiency with input power under the three types of driving voltage waveforms.

Fig. 12 – Relations between the lowest no-load temperature and the PV power under the three types of voltage waveforms.
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parameters mainly focus on the frequency, charge pressure,
reject temperature, phase-shifting, and input voltage or current,
etc., whereas the driving voltage waveform of the linear com-
pressor is often overlooked.

In this paper, the effects of the drive voltage waveform on
both the compressor motor efficiency and the cooling perfor-
mance of the SPTC are studied. Two waveforms, namely,
trapezoid and smeared sine are proposed, and then the cor-
responding performances under them are analyzed, tested and
compared with that of the commonly-used sine waveform.The
results indicate that the waveform plays an important role in
affecting both the compressor motor efficiency and the cooling
performance of the SPTC. In the tested range, both cooling ef-
ficiency and motor efficiency under either the smeared sine
or the trapezoid waveform are higher than that of the sine one.
Moreover, given that the input power is below 30 W, the motor
efficiencies under both the smeared sine and the trapezoid
waveforms exceed 90%, which suggests a promising ap-
proach to achieve a linear compressor with a very high motor
efficiency by employing the optimized voltage waveforms.

It is also observed in the current experiments that, when
the compressor input power is larger than 60 W, the extra com-
pressor vibrations introduced by the discontinuity of the smeared
sine waveform will become unacceptable,and thus in the present
phase, this disadvantage limits their application range when
compared with the commonly-used sine waveform to a great
extent. At present, the focused is on addressing the problem
and the relevant experiments are underway.
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